The dimension two gauge invariant non-local operator A 2 min , obtained through the minimization of d 4 xA 2 along the gauge orbit, allows to introduce a non-local gauge invariant configuration A h µ which can be employed to built up a class of Euclidean massive Yang-Mills models useful to investigate non-perturbative infrared effects of confining theories. A fully local setup for both A 2 min and A h µ can be achieved, resulting in a local and BRST invariant action which shares similarities with the Stueckelberg formalism. Though, unlike the case of the Stueckelberg action, the use of A 2 min gives rise to an all orders renormalizable action, a feature which will be illustrated by means of a class of covariant gauge fixings which, as much as 't Hooft's R ζ -gauge of spontaneously broken gauge theories, provide a mass for the Stueckelberg field.
Introduction
In this work we pursue the investigation [1] of the dimension two gauge invariant operator A 
As highlighted in [1] , the functional A 2 min enables us to introduce a non-local gauge invariant field configuration A h µ [6] which turns out to be helpful to construct renormalizable BRST invariant Yang-Mills theories which can be employed as effective massive theories to study non-perturbative infrared aspects of confining Yang-Mills theories in Euclidean space. An example of such theories is provided by the so-called Refined Gribov-Zwanziger theory [7, 8, 9] , recently formulated in a BRST invariant fashion [10, 11, 12, 13, 14] . We may also quote the massive model discussed in [15, 16] , where the mass term can be seen as to be deeply related to A 2 min , thanks to the use of the Landau gauge, see eq.(5) below. It is worth mentioning that a massive like behavior for the gluon propagator, known as the decoupling solution, has emerged within other approaches, as the study of the Schwinger-Dyson equations, the Renornalization Group and other techniques, see for instance [17, 18, 19, 20, 21, 22, 23, 24, 25] and references therein. The analytic decoupling solution for the two-point gluon correlation function turns out to be in very good agreement with the recent numerical simulations obtained on large lattices, both in Landau and linear covariant gauges [26, 27, 28, 29, 30, 31, 32, 33] .
In the present paper we extend the analysis of the operator A 2 min to a general class of covariant gauges which share great similarity with 't Hooft's R ζ -gauge commonly used in the analysis of Yang-Mills theory with spontaneous symmetry breaking through the Higgs mechanism. In fact, as shown in [1] , the localization procedure for both A 2 min and A h µ requires the introduction of a dimensionless auxiliary Stueckelberg field ξ which, as much as the Higgs field of 't Hooft's R ζ -gauge, will now enter explicitly the gauge condition through the appearance of a gauge massive paramater µ 2 . This property will enable us to provide a fully BRST invariant mass for the auxiliary field ξ, a feature which might have helpful consequences in explicit loop calculations involving ξ in order to keep control of potential infrared divergences associated to its dimensionless nature. Moreover, as in the case of R ζ -gauge, also the Faddeev-Popov ghosts will acquire a mass through the gauge-fixing. Of course, setting µ 2 = 0, the linear covariant gauges discussed in [1] will be recovered.
The work is organized as follows. In Sect.2 we give a short presentation of the main properties of A In Sect.7 we establish the set of Ward identities fulfilled by the resulting action. These identities will be employed to characterize the most general allowed invariant counterterm through the procedure of the algebraic renormalization [34] . In Sect.8 a detailed analysis of the counterterm will be presented together with the renormalization factors needed to establish the all order renormalizability of the model. Section 9 contains our conclusion. Finally, in Appendix (B), a second, equivalent, proof of the renormalizability of the model will be outlined by making use of a generalised gauge fixing and ensuing Ward identities.
2 Brief review of the operator A 2 min and construction of a non-local gauge invariant and transverse gauge field A h µ For the benefit of the reader, let us give here a short overview of the operator A 2 min , eq.(1), reminding to the more complete Appendix A for details.
In particular, looking at the the stationary condition for the functional (1), one gets a non-local transverse field configuration A h µ , ∂ µ A h µ = 0, which can be expressed as an infinite series in the gauge field A µ , see Appendix A, i.e.
Remarkably, as shown in Appendix A, the configuration A h µ turns out to be left invariant by infinitesimal gauge transformations order by order in the gauge coupling g [6] :
Making use of (2), the gauge invariant nature of expression (1) can be made manifest by rewriting it in terms of the field strength F µν . In fact, as proven in [2] , it turns out that
from which the gauge invariance becomes apparent. The operator (D 2 ) −1 in expression (4) denotes the inverse of the Laplacian D 2 = D µ D µ with D µ being the covariant derivative [2] . Let us also underline that, in the Landau gauge
This feature, combined with the gauge invariant nature of (A 
Moreover, as proven in [35] , γ A 2
Landau
is not an independent parameter, being given by
where (β(a), γ Landau A (a)) denote, respectively, the β-function and the anomalous dimension of the gauge field A µ in the Landau gauge. This relation was conjectured and explicitly verified up to three-loop order in [36] .
A local action for A h µ
Following [1] , a fully local framework for the gauge invariant operator A h µ can be achieved. To that end, we consider the local, BRST invariant, action
where
with
The matrices {T a } are the generators of the gauge group SU (N ) and ξ a is an auxiliary localizing Stueckelberg field.
By expanding (9) , one finds an infinite series whose first terms are
That the action S inv gives a local setup for the nonlocal operator A h µ of eq.(2) follows by noticing that the Lagrange multiplier τ implements precisely the transversality condition
which, when solved iteratively for the Stueckelberg field ξ a , gives back the expression (2), see Appendix A. In addition, the extra ghosts (η, η) account for the Jacobian arising from the functional integration over τ which gives a delta-function of the type δ(∂A h ). Finally, the term through the mass parameter m 2 which, as mentioned before, can be used as an effective infrared parameter whose value can be estimated through comparison with the available lattice simulations on the two-point gluon correlation function, see [7, 8, 9, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33] The local action S inv , eq. (8), enjoys an exact BRST symmetry:
where the nilpotent BRST transformations are given by
For the Stueckelberg field one has [37] , with i, j indices associated with a generic representation,
from which the BRST transformation of the field ξ a can be evaluated iteratively, yielding
4 Introducing the gauge fixing term S gf
As it stands, the action (8) needs to be equipped with the gauge fixing term, S gf , which we choose as
Besides the traditional gauge parameter α, we have now introduced a second gauge massive parameter µ 2 . As it will be clear in the next section, this massive parameter will provide a fully BRST invariant regularizing mass for the Stueckelberg field ξ a , a feature which has helpful consequences when performing explicit loop calculations involving ξ a . Setting µ 2 = 0, the gauge fixing (17) reduces to that of the usual linear covariant gauge [1] . Moreover, when µ 2 = α = 0, the Landau gauge, ∂ µ A a µ = 0, is recovered. Nevertheless, it is worth underlining that both µ 2 and α appear only in the gauge fixing term, which is an exact BRST variation. As such, µ 2 and α are pure gauge parameters which will not affect the correlation functions of local BRST invariant operators.
Though, before going any further, let us provide a few remarks related to the explicit presence of the Stueckelberg field ξ a in eq. (17) . As it is easily realized, the field ξ a is a dimensionless field, a feature encoded in the fact that the invariant action S inv itself is an infinite series in powers of ξ a . As in any local quantum field theory involving dimensionless fields, one has the freedom of performing arbitrary reparametrization of these fields as, for instance, in the case of the two-dimensional non-linear sigma model [38, 39] and of N = 1 super Yang-Mills in superspace [40, 41] . In the present case, this means that we have the freedom of replacing ξ a by an arbitrary dimensionless function of ξ a , namely
This freedom, inherent to the dimensionless nature of ξ a , is clearly evidentiated at the quantum level by the fact that the Stueckelberg field renormalizes in a non-linear way [1] , i.e. like eq. (18), expressing precisely the freedom one has in the choice of a reparametrization for ξ a .
In our context, in eq. (17), we could have been equally started with a term like
Of course, as much as µ 2 and α, all coefficients (a , ...) are gauge parameters, not affecting the correlation functions of the gauge invariant quantities. Equation (19) expresses the freedom which one always has when dealing with a gauge fixing term which depends explicitly from a dimensionless field, as the term (17) . In particular, this freedom will persist through the renormalization analysis, meaning that the renormalization of the gauge fixing itself has to be determined modulo an exact BRST terms of the kind s (c a ω a (ξ)). Alternatively, one could start directly with the generalized gauge-fixing
and take into account the renormalization of the quantity ω a (ξ), encoded in the infinte set of gauge parameters (a , ...). In the following, we shall make use of the gauge-fixing (17) and identify in the final counterterm the term which corresponds to the reparametrization (19) . Moreover, in the Appendix B, we shall provide a second proof of the renormalizability of the model by deriving the generalized Slavnov-Taylor identities corresponding to the gauge fixing term (20) .
In summary, as starting point, we shall take the local, BRST invariant action
where the BRST transformations are given by eqs. (14), (15), (16) .
Let us proceed now by giving a look at the propagators of the elementary fields.
A look at the propagators of the elementary fields
The propagators of the elementary fields are easily evaluated from the quadratic part of the action, eq. (21), i.e.
Thus, for the propagators we get
where,
and L µν = pµpν p 2 are the transverse and longitudinal projectors. We see that all propagators have a nice ultraviolet behavior, fully compatible with the powercounting. Moreover, the role of the massive gauge parameter µ 2 becomes now apparent: it gives a BRST invariant regularizing mass for the Stueckelberg field ξ a . Observe in fact that, when µ 2 = 0, the propagator of the Stueckelberg field is given by
which might give rise to potential infrared divergences in some class of Feynman diagrams. Notice also that, as expected, the mass parameter m 2 appears in the transverse part of the gluon propagator, a feature which exhibits its physical meaning. In fact, being coupled to the gauge invariant operator (A h,a µ A h,a µ ), the parameter m 2 will enter the correlation functions of physical operators, i.e. gauge invariant operators, allowing thus to parametrize in an effective way their infrared behavior.
6 A 2 min versus the conventional Stueckelberg mass term As done in [1] , before facing the analysis of the renormalizability of the action S, eq. (21), let us make a short comparison with the standard Stueckelberg mass term [42] , corresponding to the action
where S gf is given by eq. (17) . One sees that the conventional Stueckelberg action corresponds to the addition of the gauge invariant operator (A 
From this expression one easily understand the cause of the bad ultraviolet behavior of the Stueckelberg mass term, giving rise to its nonrenormalizability [43] . We see in fact that the mass parameter m 2 enters the denominator of expression (26) . As one easily figures out, this property jepardizes the renormalizability of the standard Stueckelberg formulation [43] . Due to the presence of the parameter m 2 in the denominator of expressions (26), nonrenormalizable divergences in the inverse of the mass m 2 will show up, invalidating thus the perturbative loop expansion based on expression (25) . 
Algebraic characterization of the counterterm
We are now ready to start the analysis of the renormalizability of the action S, eq. (21) . Following the setup of the algebraic renormalization [34] , we proceed by establishing the set of Ward identities which will be employed for the study of the quantum corrections. To that end, we need to introduce a set of external BRST invariant sources (Ω 
We shall thus start with the BRST invariant complete action Σ defined by
where, for later convenience, we have also introduced the BRST doublet of external sources
so that sΣ = 0 .
Notice that the invariant action S of eq. (21) is immediately recovered from the complete action Σ upon setting the external sources (Ω
It turns out that the complete action Σ obeys the following Ward identities:
• the Slavnov-Taylor identity
• the equation of motion of the Lagrange multiplier b a and of the antighostc
• the ghost-number Ward identity
• the equation of the Lagrange multiplier τ
• the η a Ward identity
• theη a antighost equation
• the (η a ,η a ) ghost number Tables (1) and (2) .
In order to characterize the most general invariant counterterm which can be freely added to all order in perturbation theory, we follow the setup of the algebraic renormalization [34] and perturb the classical action Σ, eq. (28), by adding an integrated local quantity in the fields and sources, Σ ct , with dimension bounded by four and vanishing ghost number. We demand thus that the perturbed action, (Σ + εΣ ct ), where ε is an expansion parameter, fulfills, to the first order in ε, the same Ward identities obeyed by the classical action Σ, i.e. equations (31), (32), (34), (35), (36) and (37) . This amounts to impose the following constraints on Σ:
where B Σ is the so-called nilpotent linearized Slavnov-Taylor operator [34] , defined as
The first condition, eq.(39), tells us that the counterterm Σ ct belongs to the cohomology of the operator B Σ in the space of the integrated local polynomials in the fields, sources and parameters, of dimension four and ghost number zero. Owing to the general results on the BRST cohomolgy of Yang-Mills theories [34] and taking advantage of the analysis already done in [1] , the most general form for Σ ct can be written as
where ∆ cohom identifies the cohomolgy of B Σ , i.e. the non-trivial solution of eq. (39), and ∆ (−1) stands for the exact part, i.e. for the trivial solution of (39) . Notice that, according to the quantum numbers of the fields, ∆ (−1) is an integrated polynomial of dimension four, c-ghost number -1 and η-number equal to zero.
For ∆ cohom , we have
where 
Proceeding as in [1] , equations (48) are solved by
where (a 4 , a 6 , a 7 ) are free coefficients. Therefore,
Let us discuss now the exact part of the cohomology of B Σ which, taking into account the quantum numbers of the fields and sources, can be parametrized as
where (f 1 , ..., f 14 ) are arbitrary coefficients. Imposing the constraint (40), i.e.
and making use of the commutation relation
one finds
Moreover, from i δ∆
it follows that
form which we can derive relations among the coefficients (f 1 , ..., f 14 ). Let us start with
where a is a constant. Further
Analogously
with b a free constant. Next, from
we get f
with c constant. Finally
Therefore, ∆ (−1) becomes
We can now impose the constraint (43)
from which we obtain a 6 = −a 4 g.
As done in [1] , we can further reduce the number of parameters entering Σ ct by observing that, setting
, the complete action Σ, eq.(28), reduces to that or ordinary Yang-Mills theory in the linear covarinat gauges, as integration over τ a , η a and η a gives a unity. As a consequence, making use of the well known renormalization of standard Yang-Mills theory in the linear covariant gauges [34] , we get a 1 = a 2 = a abcd 3 = 0, a 5 = a 4 , as well as
with (d 1 , d 2 ) free parameters. In addition, we also have
, and
Let us end this section by rewriting the final expression of the most general invariant counterterm Σ ct in its parametric form [34] , a task that will simplify the analysis of the renormalziation factors, namely
Analysis of the counterterm and renormalization factors
Having determined the most general form of the local invariant counterterm, eq.(59), let us turn to its physical meaning. As already mentioned before, in order to determine the renormalization of the fields, sources and parameters, we have to pay attention to the fact that, due to the explicit dependence of the gauge fixing from the Stueckelberg field ξ a , the renormalization of the gauge fixing itself is determined up to an ambiguity of the type of eq. (19) , which would correspond to the renormalization of the quantity ω a (ξ), i.e. of the gauge parameters (a 
with f ab 1 (0, α) = δ ab f 1 (0, α) being the first, ξ a -independent, term of the Taylor expansion of f ab 1 (ξ, α) in powers of ξ a andf ab 1 (ξ, α) denoting the ξ-dependent remaining terms. Of course, f
Furthermore, we observe that expression (60) can be rewritten as
or, equivalently
We are now able to unravel the meaning of this term. First, the term (d 2 (α) − f aa 1 (0, α)) corresponds to a multiplicative renormalization of the gauge massive parameter µ 2 . This follows by observing that, being µ 2 a space-time independent parameter, its renormalization must be given by a field independent space-time constant factor, i.e. precisely by (
On the other hand, the term d 4 x s c bωb (ξ, α) is of the type of eq.(19), thus corresponding to the ambiguity inherent to the gauge fixing discussed before. As already mentioned, this term can be handled by starting with the generalised gauge fixing (20) , whose algebraic renormalization can be faced by employing the Ward identities displayed in Appendix (B). Doing so, the term d 4 x s c bωb (ξ, α) will correspond to a renormalization of the gauge fixing function ω a (ξ), i.e. of the gauge parameters (a , ...).
We can now read off the renormalization factors, i.e.
where Φ stands for a short-hand notation for all fields, sources and parameters. Specifically, for the renormalization factors one finds:
Notice that, as expected, the dimensionless field ξ a renormalizes in a non-linear way through the quantity f ab 1 (ξ, α) which is a power series in ξ a . Equations (64) and (71) establish the renormalizability of the complete action Σ, eq. (28), and thus of the invariant action S of expression (21), up to a BRST exact unphysical ambiguity of the type of eq. (19) . As already mentioned, the explicit inclusion of such an ambiguity will be provided in Appendix (B).
Conclusion
In this work the gauge invariant operator A (17) and eq. (20) , which share similarities with 't Hooft's R ζ -gauge used in the analysis of Yang-Mills theory with spontaneous symmetry breaking. As shown in [1] , a local setup can be constructed for both A 2 min and A ah µ , being summarised by the local and BRST invariant action (8) . The localization procedure makes use of an auxiliary dimensionless Stueckelberg field ξ a . However, despite the presence of the field ξ a and unlike the conventional non-renormalizable Stueckelberg mass term, the present construction gives rise to a perfectly well behaved model in the ultraviolet which turns out to be renormalizable to all orders, as discussed in details in Sections (7) and (8) as well as in Appendix (B). In particular, the pivotal role of the transversality constraint ∂ µ A ah µ = 0 has been underlined throughout the paper. It is precisely the direct implementation of this constraint in the local action (8) which makes a substantial difference with respect to the conventional Stueckelberg theory. In fact, as pointed out in Section (6), it removes exactly the component of the Stueckelberg propagator which gives rise to non-renormalizable ultraviolet divergences, see eq. (26) versus eqs. (24) . In particular, form eqs. (24), one sees that, similar to what happens in the case of 't Hooft's R ζ -gauge, the use of the general class of gauge fixings (17) and (20) 
where ω is an infinitesimal hermitian matrix and we compute the linear and quadratic terms of the expansion of the functional f A [v] in power series of ω. Let us first obtain an expression for
Expanding up to the order ω 2 , we get
from which it follows
We now evaluate
The case of the gauge group SU (N ) is considered here.
Thus
Finally
so that
We see therefore that the set of field configurations fulfilling conditions (87), i.e. defining relative minima of the functional f A [u], belong to the so called Gribov region Ω, which is defined as
Let us proceed now by showing that the transversality condition, ∂ µ A h µ = 0, can be solved for h = h(A) as a power series in A µ . We start from
Let us expand h in powers of φ
From equation (89) we have
Thus, condition ∂ µ A h µ = 0, gives
This equation can be solved iteratively for φ as a power series in A µ , namely
Expression (95) can be written in a more useful way, given in eq.(2). In fact
which is precisely expression (95). The transverse field given in eq.(2) enjoys the property of being gauge invariant order by order in the coupling constant g. Let us work out the transformation properties of φ ν under a gauge transformation
We have, up to the order O(g 2 ),
Therefore
from which the gauge invariance of A h µ is established.
Finally, let us work out the expression of A 2 min as a power series in A µ .
We conclude this Appendix by noting that, due to gauge invariance, A 2 min can be rewritten in a manifestly invariant way in terms of F µν and the covariant derivative D µ [2] .
B A generalised Slavnov-Taylor identity
In this Appendix we derive the Ward identities for the generalised gauge fixing of eq. (20) . Since the quantity ω a (ξ) is now a composite operator, i.e. a product of fields at the same space-time point, we need to define ω a (ξ) by introducing it into the starting action though a suitable external source. In order to maintain BRST invariance, we make use of a BRST doublet of external sources (Q a , R a ), of dimension four and ghost number (−1, 0),
and introduce the term
We start thus with the complete classical action Σ given now by
with S inv given by expression (8) .
The action Σ, eq.(103), obeys the following Ward identities:
• the Slavnov-Taylor identity 
• the anti-ghost equation 
For the renormalization factors, we have now 
with the addition of a multiplicative renormalization of the infinite set of gauge parameters (a
